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A. TRANSFORMATION RULES FOR SIMILARITY-AWARE OPERATORS

Combining/Separating Similarity Selection Predicates

R1.
R2.
R3.
R4.

Ter,c1(N0en,c2(0) E) = 06, c1(0) (0043 500 (ED)-
00,,c1(e)N8nn,c2(€) (E) = JGs,C1(e)(J9kNN,cz(e) (E))
T c1(@n05,c20) E) E Toy 1) (00, 000 (E))-

Tjeuns.c1(@nOan,c2@ ED E Touns 1) (00ams cae) (E)):

Combining/Separating Similarity Join and Similarity Selection

When the selection predicate attribute is the inner attribute in the join predicate:

RS.
R6.
R7.
R8.
R9.

R10.
R11.
R12.
R13.
R14.
R15.
R16.
R17.
R18.
R19.

06,1 (e1,62)n055,c(e2) (E) = 09, (e1,2)(00,, c(e2) (ED) = Oa,, c(e2) (00,4 (e1,2) (E))-
06, (e1e2)n0 i c(e2) (E) = 00, (e1,2) (0w c(e2) (ED)-

06, (ere2)n 0w c(e2) (E) E o,y c(e2) (00, (e1,e2) (ED)-

O, un(ete)nbece2) (E) Z gy (ere2)(O6, c(e2) (ED)
00w (ere)nby c(e2) (E) = 0, c(e2) (00, yn(ere2) (ED).
T6,un(eLenbinn.c(e2) (E) F 0o,y ere2) (00, ce2) (D).
T6,un(eLenbinn.ce2) (E) E 0o,y c(e2) (06, n(ere) (D).
O0p(ere2)n8sc(e2) (E) E Oy (e1,e2) (00, c(e2) (E))-
O0,p(e1,e2)n0, c(e2) (E) = 0o, c(e2) (00, (e1,e2) (E))-
O6,p(e1.e2)n0iny c(e2) (E) E 09, (e1,e2) (06, n c(e2) (ED)-
06,p(e1,e2)n0kny c(e2) (E) E gy c(e2) (06, (e1,e2) (ED)-
00 4(e1,e2)n05c(e2) (E) E 09 4(e1,e2) (00, c(e2) (ED)-

06 4(e1,e2)n05c(e2) (E) = 0p, (e2)(00 4(e1,e2) (ED)-

06 4(e1,e2)n0wn,c(€2) (E) Z 06,4(e1,2) 00,y c(e2) (ED)-
O-GA(ElerZ)ﬂGkNN,c(EZ)(E) Z O6xnn,c(e2) (09,4(61.92) (E)).

When the selection predicate attribute is the outer attribute in the join predicate:

R20.
R21.
R22.
R23.
R24.
R25.
R26.
R27.
R28.
R29.
R30.
R31.

061 (e1,62)0055,c(e1) (E) = g, (e1,62) (06, c(e1) (ED) = g, (1) (T, (e1,e2) (ED)-
06, (e1e2)n0 i c(e1) (E) = 00, (e1,2) (0w c(e1) (ED)-

06:(e1,e)n0kny c(e1) (E) E Ogyny c(e1)(Ob,(e1,e2) (E)).

O0,un(ete)nbecer) (E) = g, yn(ere2) (6, ce1)(E)) = g, c(e1)(T0yyn(erez) (E))-
06, un(eLendinn.ce) (E) = 0o,y ere2)(00n ce1) (E)) = g,y ce1) To,unerez) (E)).
O6,p(e1,e2)n0, c(e1) (E) F 0o, (e1,2) (00, c(e1) (E))-

O, (e1,e2)n0, c(e1) (E) = 0o, c(e1)(Ta,p (e1,e2) (E))-

06,p(e1,e2)n0iny c(e1) (E) E 09, (e1,e2) (06,n c(e) (ED)-

T6p(ere2)nbinn c(e1) (E) E gy (1) (0, p(e1,e2) (ED).

00 4(e1,e2)n0,c(e1) (E) = 09 (en,e2) (00, c(e1) (ED) = 09, ¢ (e1)(T04(e1,e2) (ED)-

00 4(e1,e2)n01nn,c(e1) (ED) = 06, (e1,2) (00, ce1) (ED)-

06 4(e1.e2)n0wn.c(e1) (E) Z O,y c(e1) (06 4(e1,e2) (ED)-

Combining/Separating Similarity Join Predicates

When the attributes in the predicates have a single direction (e1l—e2, e2—e3):

R32.
R33.
R34.

09, (e1,e2)n0:5(e2,63) (E) = 0o, (e1,62) (00, (e2,e3)(E)) = g, (e2,3)(T0,, (e1,e2) (E))-
09, nn1(e,e2)nOinna(e2,e3)(E) = g,y nice1e2) (0o, ynacezes) (ED)) = O, yna(ez.e3) (00, yni(en,e2) (ED)-
00,.p1(e1,2)N0)po(e2,e3) (E) * 00,.p1(e1,e2) (Uekm(ez,es) (E))



R35. 09, (e1,62)n01pz(e2.e3) (E) E 0o, 1, (e2,3) (00, (e1,62) (ED)-

R36. 09, (e1,e2)n0,nn(e2.e3)(E) = g, (e1,e2) (00, yn(e2.e3) (E)) = o, yn(e2.e3)(T0,(e1,e2) (ED)-
R37. 0g,(e1,e2)n04p(e2.e3)(E) = Og,(e1,2) (0o, p(e2,e3)(ED)-

R38. 09 (e1,2)N0p(e2,e3) (E) F 06,.p(e2,e3) (O-GS(el,ez)(E))-

R39. 00, nn(e1,e2)N0xp(e2,e3) (E) * 06, yn(ele2) (O-GRD(eZ,e3) (E))

R40. 06, n(ere2)nrp(ezes)(E) E 06, (e2.e3) (00, nye1,e2) (ED)-

R41. 09, (e1,e2)n045(c2,3)(E) = g, (e1,62) (00 15 (e2,e3)(E)) = g 1, (e2,e3) (00 4, (e1,e2) (ED)-
R42. 09, (e1,e2)n0 4(e2,63) (E) = 0o, (e1,e2)(00 4 (e2,e3) (E)) = 06 4 (e2,e3) (00, (e1,e2) (E))-

R43. 00 4(e1,e2)NOnn(e2,e3) (E) = 09 4(e1,e2) (OGkNN(eZ,e3) (E))

R44. 09, (e1,e2)n0,nn(e2.e3)(E) = o,y (ez.e3) (00 4(e1,e2) (E))-

R45. 09, (e1,e2)n0,p(e2,¢3)(E) = 06 ,(e1,e2) (00, p(e2,e3)(E))-

R46. O-GA(el,ez)nGkD(ez,ES) (E) e JGkD(eZ,ES) (JGA(el,ez) (E))

When the predicates’ attributes do not have a single direction (el—e2, e2 <e3):

RAT. 0y, (e1,e2)n05(e3,62)(E) = 0o, (e1,62) (00, (e3,02) (E)) = g, (e3,2)(T0,, (e1,e2) (E))-
RA48. 09, yn1(ete2)ndrnnz(e3.e2) (E) E 0o, ynie1e2) (00, nna(ese) (E))-
R49. 09, yni(ete2)ndrnnz(e3.e2) (E) E 0o, pyna(ese2) (00, ere2) (E))-
R50. 09, ,, (e1,62)n0ypz(e3.62) (E) E o, 1 (e1,62) (00, (e3,62) (ED)-
R51. 09, (e1,e2)n0pa(e3.e2) (E) E 0o, 1, (e3,62) (00, (e1,2) (ED)-
R52. aeg(el,ez)nGkNN(e&ez) (E) = aeg(el,ez) (UGkNN(e3,e2) (E))

RS53. aeg(el,ez)nGkNN(e&ez) (E) * UGkNN(ES,eZ) (Ueg(el,ez) (E))

R54. 09, (e1,e2)n0,p(e3,62) (E) = 0o, (e1,e2) (00, p(e3,e2) (E))-

R55. 0y, (e1,e2)n0,p(e3,62) (E) Z 06, (e3,2) (00, (e1,e2) (E))-

R56. 09, yn(ere2)nrp(ese) (E) E 06, yn(e1e2) (T, pe3,2) (ED)-

R57. 06, yn(ere2)nrp(ese) (E) E 06, p(e3,e2) (06, n(e1,e2) (ED)-

RS58. 06A1(el,92)m9,42(e3,92) (E) * UGAl(el,ez) (JBAz(eS,eZ) (E))

R59. 0y, (e1,62)n0.45(e3,62) (E) E g 1, (e3,62) (00 4, (e1,e2) (ED)-

R60. O-GS(el,eZ)nGA(eB,ez) (E) = 0-98(61,62) (JBA(E3,e2) (E))

R61. 09, (e1,e2)N0 4(e3,e2) (E) E= 06 4(e3,e2) (UBE(el,eZ) (E))

R62. JHA(el,ez)nekNN(eS,eZ) (E) * O-GA(el,eZ) (UBkNN(e3,e2) (E))

R63. 06 4(e1,e2)N0)n N (€3.62) (E) £ O-GkNN(e3,eZ)(O-9A(e1,92) (E))

R64. 00 4(e1,e2)N0yp(e3,2) (E) E= 09 4(e1,e2) (GGRD(E3,e2) (E))

R65. 09, (e1,e2)n0,p(e3,e2) (E) Z 09, p(e3,62)(T0 4(e1,e2) (E))-

Commutativity of Similarity Join Operators

R67. E Nng(e'f) F=E NekD(fve) F.
R68. E NGkNN(e'f) F£#E NgkNN(f'e) F.
R69. E Mg, ep) F #E Mg, (re) F.

Distribution of Selection over Similarity Join

When all the attributes of the selection predicate 6 involve only the attributes of one of the
relations being joined:

R70. Gg(e)(E Mg, (e.f) F) = (O'e(e)(E)) ™Mo, (e.f) F.

R7L. 04¢)(E Mo, (e) F) = E Mg e.r) (6 (F))-
R72. 09y (E o ynie) F) = 0oy (E)) Mg, pycery F-
R73. 09()(E Mopuncesy F) Z E Mo @ocr) (F)).
R74. Jg(e)(E ™Mo, pef) F) ES (Ge(e)(E)) ™Mopef) F.



R75. 09(r)(E Mgype) F) Z E Moo (0o (F)):
R76. ey (E Ma,cer) F) = (0aey(E)) Mg ery F.
R77. o) (E Moucer) F) # E Mg ep) (o) (F))-

When predicates 6; and 6z involve only the attributes of E and F, respectively:

R78. 09, (e)00,(1) (E Noeer) F) = (00,()(E)) Mogce ) (T, (F))-
R79. 09, (e)70,1) (E Mounier) F) E (0o,)(E)) Moynie) (Go,0F))-
R80. 09, (¢)n0,(1) (E Meyp(e) F) E (06,0 (ED) Moype) (96,05 (F))-
R8L. 05, (e)n0,(1) (E Mo acer) F) E (00,()(ED)) Mo 401y (00,00 (F)).

Distribution of Similarity Selection over Join

R82. 0p, (e)(E Mo ) F) = (00, c(e)(E)) Mooy F-
R83. 0y, (1) (E M) F) = E Mooy (0o, () (E))-
R84. g,y ce)(E Moges) F) E (Gopy o) (D) Moo F-
R85. 0y, () (E Moy F) EE Nogef) (o, o) (ED):

Distribution of Similarity Selection over Similarity Join

R86. 09, c(¢)(E Mo,er) F) = (00,000 (E)) Mogyep) F-

R87. 0, c(1)(E Mogen) F) = E Moz (Tog o) (F)-

R88. 09, (e)(E Mopynies) F) = (00,0e)(E)) Mopupe) F-

R89. 0p, () (E Mouynes) F) EE Noynier) o, (F)).

R90. 05, c(e)(E Moppies) F) Z (0o,c0e)(E)) Moppies F-

ROL. 0, (1) (E Moy F) Z E Mooy (To,cr) (F))-

R92. gy ce)(E Moe) F) Z (o,m c(e)(E)) Noyep) F-

R93. 0w c(n(E Moge) F) Z E Mo er) (Topmm cr) (F))-

R94. O0knn1,cle) (E ™Mgnnz(ef) F) = (JGkNNLc(e) (E)) ™M nnz(ef) F.
R95. a9kNN1,c(f)(E ™Mo nnz(ef) F) FE ™Mo nnz(ef) (U9kNN1,c(f)(F))'
R96. a9kNN,c(e)(E ™Mog.pef) F) # (JekNN,c(e)(E)) ™Ng.pef) F.

RI7. 0g,un e (E Mouptes) F) EE o) Oopny,cr (F):

R98. 0p, c(e)(E Moue) F) = (0,0(e)(E)) Mo p(e) F-

R99. 0p, () (E Mo F) ZE Mo, (00,001 (F))-

R100. 04,y c(e)(E Moacer) F) Z 0oy cie) (ED) Mo F-

R101. 0,y o) (E Moacer) F) Z E o0y 0opync0n(F)-

Associativity of Similarity Join Operators

When the attributes in the predicates have a single direction (e—f, f—g):

R102. (E Mg, () F) Mo.y(5.9) G = E Mg, 00) (F Mogy(r.9) 6.

R103. (E Mg,yysce) F) Mounatr) G = E Moy F Mopyna(r.a) 6)-
R104. (E ™g,p,(e) F) Moyp,019) G Z E Moy, ey (F Mop,(.9) G-
R105. (E Mg (60 F) Mo4,010) G = E Mo, (e5) (F Mg 45,9 G-

When the predicates’ attributes do not have a single direction (e—f, f«—g):

R106. G g, (g, (E Mo yep) F) = E Moy ep) (G Mo, g5 F)-
R107. G ™. 00 (E Nopunaen) F) Z E Monsen (6 Nonian F)-



R108. G ™, (g5 (E Mo,pse) F) Z E Mo,p,cer) (G Noyp,00) F)-
R109. G g, () (E Mo,cer) F) £ E Mg ,0p (G Xo, 05 F)-

Applying Selection with a SJ predicate over Cross Product

R110. 09, (e,r)(E X F) = E Mg, ) F.
R111. GekNN(enf)(E XF)=E ™Mgnn(er) F.
R112. GekD(erf)(E XF)=E Nowpef) F.
R113. O'QA(e,f)(E XF)=E Mg ace.f) F.

Rules that Take Advantage of Distance Function Properties

Pushing Selection Predicate under Originally Unrelated €-Join Operand.

R114. 0g()(E Mg o) F) = (00(e)(E)) Mo, e.p) (Gore(ry(F))-

€-Selection Predicate under Originally Unrelated €-Join Operand.

R115. 05, o(e)(E M0 F) = (00,1000 (E)) Mogierr) (06 pseny ) (F))-

Associativity Rule that Enables Join on Originally Unrelated Attributes.

R116. (E 4,0 F) Mo05.0) G = (E Mo,y 009 G) Mo (ennoe(ra) F-

Eager and Lazy Transformations with SJ and SGB

Eager and Lazy Transformations with SGB and Join:

R117. The Eager and Lazy transformations can be extended to the case of SGB and regular join as shown in
Theorem 1 (Section 4.4.1).

Eager and Lazy Transformations with Group-by and SJ:

R118. The Eager and Lazy aggregation transformations can be extended to the case of S] and group-by as
shown in Theorem 2 (Section 4.4.2).

Eager and Lazy Transformations with SGB and SJ:

R119. The Eager and Lazy Aggregation transformations can be extended to the case of S] and SGB as
shown in the Theorem 3 (Section 4.4.3).

Pushing Similarity Predicate from Join-Around to Group-by:

R120. The similarity predicate of the Join-Around can be completely pushed down to a grouping operator
as specified in Section 4.4.4.

Pushing Similarity Predicate from €-Join to Group-by:

R121. The similarity predicate of the €-Join can be partially pushed down to a grouping operator as
specified in Section 4.4.5.

Distribution of Selection and Similarity Selection over SGB (SGB-U, SGB-A, SGB-D)

R122. 096y (6,5  Fa)(E)) Z (6.5 Fa)(To(c) (E))-
R123. Ueg,c(G)((G,S)FF(A)(E)) ES (G,S)FF(A)(O-OE_C(G)(E))'
R124. Ggin.c@) ()T r (D) # @)1 k) (Tivm c@) (B))-

Distribution of Similarity Selection over U, N and —

R125. 0g, .(e)(E1 U E3) = (06,0(e)(E1)) Y (06, ¢(e) (E2))-



R126. 0g, .(e)(Ex N E3) = (06, 0(e)(E1)) N (00, () (E2))-

R127. 0g, o(e)(Ex — E2) = (09, c(e)(E1)) — (0, (o) (E2))-

R128. 0,y c(e)(E1 U E2) Z (Oa,yn c(e)(E1)) U (Gpy c(e) (E2))-
R129. 0g,yn ce)(E1r N E2) ZE (Oa,y o) (ED)) N (Oppyy c(e)(E2))-
R130. 0,y ce) (BE1 = E2) F (Gonce) (D)) — (Ooppy c(e) (E2))-
R131. 09, o(e)(E1 U E3) # (09, 0(e)(E1)) U Es.

R132. 65, o)y N Ey) = (g, (o) (E)) N By

R133. 09, c(e)(E1 — E3) = (09, c(e)(E1)) — E2.

R134. gy o0 (Ex U E2) % (Ggpyp ey (E)) U Es.

R135. 0g,0 o0 (Er N Ez) % (Gayy o0y (ED)) N Eo.

R136. 0,y c(e)(E1 — E2) # (Ognce)(ED) — Eo

Distribution of Projection over Similarity Join

If 65 involves only attributes of L; U L,, and additionally for k-based operations, E.PrimKey € L,
and F.PrimKey € L,:

R137. M,y 1, (E Mooy F) = (1, (E)) Mo, ce,ry (M1, (F)).
R138. 11,51, (B Mouy(e) F) = (M1, (BD) Mg,yce ) (M1, (F))-
R139. M,y 1, (E Mgypiery F) = (11, (E)) Mg, pepy (1, (F)).
R140. 11,y 1, (E N, ey F) = (T, (E)) Mg, ce.r) (M1, (F)).

If L, and L, are sets of attributes from E and E, respectively; L; contains attributes that are
involved in the join predicate but are not in L; U L,; L, contains attributes that are involved in the
join predicate but are not in L; U L,; and additionally for k-based operations, E.Primkey € (L,
U L3); and F.Primkey € (L, U L,):

R141. My, 1, (E Mg e F) = Typu 1, (M0 1, (B)) M,y (Mo, ()
R142. 1,y LZ(E Mo nner) F) =y, 0 1, (Mo 5 (E)) M uncer) Moo, (F)))-
R143. 11,y LZ(E Mo plef) F) = My, u 0, (Mo, (E)) Nepery Ty, (F)))-
R144. HLluLz(E Mg, (ef) F) =My, (M, (E)) W, e (o, (F))).
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Fig. 44. Combining €-Selection and kNN-Selection (R2) — Proof

B. ADDITIONAL PROOFS

PROOF SKETCH OF RULE R2.  Consider a generic tuple ¢z of E. We will show that for any possible value of
te, the results generated by the plans of both sides of the rule are the same. The top part of Fig. 44
gives a graphical representation of Rule R2. Using the conceptual evaluation order of similarity
queries, we can transform the left part of the rule to an equivalent expression that uses the
intersection operation as represented in the middle part of Fig. 44. We will use this second version of
the rule in the remaining part of the proof. The bottom part of Fig. 44 gives the different possible
regions for the value of ¢z.e. Note that the region marked as kNN, which comprises regions C and D,
represents the region that contains the kNN closest neighbors of C2.

1.

When the value of tz.e belongs to A. In the LHS plan, ¢z is not selected in any of the selection
operators since it does not satisfy any of the Similarity Selection predicates. Thus, no output
is generated by this plan. In the RHS plan, ¢z is filtered out by the kNN-Selection. No tuple
flows to the €-Selection. Thus, no output is generated by this plan either.

When the value of tg.e belongs to B. In the LHS plan, ¢z is selected in the €-Selection but not
in the kNN-Selection. The intersection operator does not produce any output and
consequently no output is generated by this plan. In the RHS plan, ¢z is filtered out by the
kNN-Selection. No tuple flows to the €-Selection. Thus, no output is generated by this plan
either.

When the value of te.e belongs to C. In the LHS plan, ¢tz is selected by both Similarity
Selection operators. Consequently, ¢t belongs to the output of the intersection operator. tg
belongs to the output of the LHS plan. In the RHS plan, ¢z is selected by the kNN-Selection. ¢z
is also selected by the €-Selection. Thus, ¢£ also belongs to the output of the RHS plan.

When the value of tz.e belongs to D. In the LHS plan, ¢ is selected in the kNN-Selection but
not in the €&-Selection. The intersection operator does not produce any output and
consequently no output is generated by this plan. In the RHS plan, ¢ is selected by the kNN-

Selection but filtered out by the €-Selection. Thus, no output is generated by this plan either.
O



6:1(el,e2) 0..(el,e2
n 0e2.c(e2) (o9 oatere2
f " (99)8uc(e)
E

a @ Ba(el,e2)
6:1(el,e2) Be2,c(€2)

= (09)6uce)

Fig. 45. Combining €-Join and €-Selection (R5) — Proof

PROOF SKETCH OF RULE R5. Assume that 0 (el,e2) is defined over relations E; and E?, and that the
input relation E is the cross product of all the relations involved in the similarity-aware predicates,
i.e., E = E; x E2. Furthermore, assume that the join attributes are Ei.e; and Ez.e2. Consider a generic
tuple tz; of E;. We will show that for any possible pair (¢z1,t£2), where g2 is a tuple of E2, the results
generated by the plans of both sides of the rule are the same (we consider the first equivalence of
R5). The top part of Fig. 45 gives a graphical representation of Rule R5. Using the conceptual
evaluation order of similarity queries, we can transform the left part of the rule to an equivalent
expression that uses the intersection operation as represented in the middle part of Fig. 45. We will
use this second version of the rule in the remaining part of the proof. The bottom part of Fig. 45 gives
the different possible regions for the value of tez.ez.

1.

When the value of ¢g2.e2 belongs to A. In the LHS plan, the pair (¢£1,t£2) is not selected in any
similarity-aware operator since it does not satisfy any of their predicates. Thus, no output
is generated by this plan. In the RHS plan, (¢£s,tE2) is filtered out by the bottom selection since
dist(tgs.e2 ,C)>E2. No tuple flows to the top operator. Thus, no output is generated by this plan
either.

When the value of tes.e2 belongs to B. In the LHS plan, the pair (¢£1,tE2) is selected in the left
Similarity Selection but not in the right one. The intersection operator does not produce any
output and consequently no output is generated by this plan. In the RHS plan, (t£1,te2) is
filtered out by the bottom selection since dist(tgz.e2 ,C)>E2. No tuple flows to the top operator.
Thus, no output is generated by this plan either.

When the value of ¢gz2.e2 belongs to M. In the LHS plan, the pair (t£1,te2) is selected in both
similarity-aware operators. Consequently, (¢z1,te2) belongs to the output of the intersection
operator. (¢£1,tg2) belongs to the output of the LHS plan. In the RHS plan, (¢£1,tz2) is selected
by the bottom selection since dist(tes.es, C)<E2. (te1,te2) is also selected by the top selection since
dist(tei.eite2.e2)<E1. Thus, the pair (t£1,te2) belongs also to the output of the RHS plan.

When the value of ¢gz2.e2 belongs to D. In the LHS plan, the pair (tz1,te2) is selected in the
right Similarity Selection but not in the left one. The intersection operator does not produce
any output and consequently no output is generated by this plan. In the RHS plan, (tz1,tz2) is
selected in the bottom selection since dist(tez.e2 ,C)<E2 but it is filtered out by the top
selection. Thus, no output is generated by this plan either. O
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Fig. 46. Combining/separating two €-Join predicates (R32) — Proof

PROOF SKETCH OF RULE R32. Assume that 0 (el,e2) is defined over relations E; and Ez, and Og,(e2,e3)
over relations E: and E3 Assume also that the input relation E is the cross product of all the
relations involved in the similarity-aware predicates, i.e., E = E; x E2 x Es. Furthermore, assume
that the join attributes in 6;; are Ei.e; and Ez.ez and in 6, are Es.e2 and Es.es. Consider a generic
tuple tg; of E;. We will show that for any possible triplet (¢z1,tE2,t£s3), where tg2 is a tuple of E2, and
tgs is a tuple of Es, the results generated by the plans of both sides of the rule are the same (we
consider the equivalence between the first and third components of R32). The top part of Fig. 46
gives a graphical representation of Rule R32. Using the conceptual evaluation order of similarity
queries, we can transform the left part of the rule to an equivalent expression that uses the
intersection operation as represented in the middle part of Fig. 46. We will use this second version of
the rule in the remaining part of the proof. The bottom part of Fig. 46 gives the different possible
regions for the values of ¢gz.e2 and tgs.es. Note that the regions for ¢gs.ez have been specified based on
a generic tuple tg2 with fgz.e2 in region B.

1. When the value of t£2.e2 belongs to A. In the LHS plan, the triplet (t£1,te2,t£3) is not selected in
any similarity-aware operator since it does not satisfy any of their predicates. Thus, no output
is generated by this plan. In the RHS plan, (¢£1,tE2,tes) is filtered out by the bottom selection
since dist(tgi.e1,tr2.e2)>E1. No tuple flows to the top operator. Thus, no output is generated by
this plan either.

2. When the value of tEz2.e2 belongs to B and the value of ¢zs.es belongs to C. In the LHS plan, the
triplet (¢£1,tE2,trs) is selected in the left Similarity Selection since dist(tki.e1,tre2.e2)<€1 but not
in the right one since dist(tgz.estrs.e3)>€2. The intersection operator does not produce any
output and consequently no output is generated by this plan. In the RHS plan, (tz:,tez,tEs3) is
selected in the bottom selection since dist(igr.estrz2.e2)<EI but it is filtered out by the top
selection since dist(tgz.es,tes.e3)>€2. Thus, no output is generated by this plan either.

3. When the value of ¢gz2.e2 belongs to B and the value of t£s.e3 belongs to D. In the LHS plan, the
triplet (tz1,tEs,tes) is selected in both similarity-aware operators since dist(tei.er, tre.e2)<E1 (left)
and  dist(tgs.estrs.e3)<E2 (right). Consequently, (tg1,testrs) belongs to the output of the
intersection operator. (tz1,tE2,tE3) belongs to the output of the LHS plan. In the RHS plan,
(te1,tes,ts) is selected by the bottom selection since dist(tgr.ertrs.e)<€1. (teitestrs) is also
selected by the top selection since dist(trz.estrs.e3)<€2. Thus, (teitrstes) also belongs to the
output of the RHS plan. O
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Fig. 47. Associativity of KNN-Join operators - when attributes in predicates have a single direction:
el—e2, e2—e3 (R103) —Proof

PROOF SKETCH OF RULE R66. In the LHS expression of the equivalence, all the join links satisfy
dist(es,ez) < E. Given that the distance function dist is symmetric, dist(er,es)=dist(ese:). Thus, the
condition dist(ez,er) < € in the LHS expression will produce the same set of join links. O

PROOF SKETCH OF RULE R103. Assume that the join attributes in Ornn: are E.e and F.f and the join
attributes in  Ornne are F.f and G.g. Consider a generic tuple tz of E. We will show that for any
possible triplet (¢z,tr,tc), where tr is a tuple of F' and tc is a tuple of G, the results generated by the
plans of both sides of the rule are the same. The top part of Fig. 47 gives a graphical representation
of Rule R103. The bottom part of this figure gives the different possible regions for the values of r.f
and tg.g. Note that the regions for tc.g have been specified based on a generic tuple ¢tr with tr.f in
region B. The region marked as ENNI represents the segment that contains the ANNI closest
neighbors of ¢z in F. The region marked as KNN2 represents the segment that contains the ANN2
closest neighbors of ¢rin G. Note that for a given kNN-Join (frvn: or Oxnng) and a given outer tuple £,
the join identifies the same set of & nearest neighbors of ¢ in both plans. This is the case since (1)
kNN-Join over R; and R: makes use of primary keys in both input relations (R:.pk:, Rz.pks) and
ignores tuples in R: that have the same primary key, and (i) the set of different values of Rz.pks in
the inner input of both plans is the same. Furthermore, note that the set of different values of Rz.pk2
in the inner input of both plans corresponds to the set of all different values of Rz.pks in the base
relation Re.

1. When the value of ¢r.f belongs to B and the value of ¢c.g belongs to D. In the LHS plan, the
pair (¢x,tr) belongs to the output of the bottom kNN-Join (6rnn:) since tr is one of the RNN1
closest neighbors of ¢z in F. (¢&,tr) flows to the top kNN-Join. The triplet (tz,tr,tc) belongs also
to the output of the top kNN-Join (6rnng) since te is one of the KINN2 closest neighbors of ¢r in
G. Consequently, (tz,tr,tc) belongs to the output of the LHS plan. In the RHS plan, (ir,tc)
belongs to the output of the bottom kNN-Join (Bxnn2) since tc¢ is one of the RNNZ2 closest
neighbors of trin G. The triplet (¢z,tr,tc) belongs also to the output of the top kNN-Join (6rnni)
since tr 1s one of the KNNI closest neighbors of ¢z in F. Thus, (ig,tr,tc) belongs also to the
output of the RHS plan. Note that in the RHS plan, the bottom join (6xnn2) matches each inner
tuple of F to its closest KINN2 neighbors in G. The output of this join will contain all the values
of F.pks (the primary key of F) in the base relation F. Consequently, the set of all different
values of F.pks in the inner input of Orvn: is the same in both plans. Therefore, for a given
inner tuple ¢, the join Orvn: will find the same set of KINN1 nearest neighbors of ¢ in both
plans.

2. When the value of tr.f belongs to B and the value of ¢c.g belongs to C. In the LHS plan, the
pair (¢x,tr) belongs to the output of the bottom kNN-Join (6rnn:) since tr is one of the RNN1
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closest neighbors of ¢z in F. (tg,tr) flows to the top kNN-Join. However, the triplet (¢z,tr,tc)
does not belong to the output of the top kNN-Join (fxnvn2) since tc is not one of the RNN2
closest neighbors of ¢r in G. Consequently, no output is generated by this plan. In the RHS
plan, (¢r,tc) does not belongs to the output of the bottom kNN-Join (8xnng) since ¢g is not one of
the ENN2 closest neighbors of tr in G. No tuple flows to the top join. Thus, no output is
generated by this plan either.

3. When the value of ¢r.f belongs to A. In the LHS plan, the pair (¢£,tr) does not belongs to the
output of the bottom kNN-Join (6ryn:) since tr is not one of the KNN1 closest neighbors of ¢z in
F. No tuple flows to the top join. Consequently no output is generated by this plan. In the
RHS plan, (irtc) may or may not belong to the output of the bottom kNN-Join (Ornnz).
However, any triplet (t,tr,tc) does not belong to the output of the top kNN-Join (6rnn;) since tr
is not one of the KINN1 closest neighbors of ¢z in F. Thus, no output is generated by this plan
either. O

PROOF SKETCH OF RULE R115 (GR15). Note that pushing €-Selection under the outer input of the €-Join
has been already studied in Rule R86. We focus here on the validity of pushing the €-Selection
operation under the inner input of the €-Join. Assume that the selection predicate 6¢; (e) is dist(e,C)
< €1 and the join predicate O¢,(e,f) is dist(e,f) < E2.

Due to Triangular Inequality, dist(f,C) < dist(f,e) + dist(e,C).

Due to Commutativity, we have that disi(f,C) < dist(e,f) + dist(e,C).
Using in (2) the fact that dist(e,f) < €2, dist(f,C) < £2 + dist(e,C).
Using in (3) the fact that dist(e,C) < €1, dist(f,C) < €1 + £2.

Ll

The expression in (4) dist(f,C) < €1 + £2 represents an €-Selection predicate that can be applied on
f. This predicate is in fact the predicate being applied on fin the inner input of the RHS part of Rule
R115. O

PROOF SKETCH OF RULE R116 (GR16). Assume that in the LHS part of Rule R116, the join predicate
Oci(e,f) 1s dist(e,f) < €1, and the join predicate 0. (f,g) is dist(f,g) < E2. The order of attributes in these
expressions is irrelevant because the distance function is Commutative.

1. Due to Triangular Inequality, dist(e,g) < dist(e,f)+dist(f,g).
2. Since dist(e,f) < €1 and disi(f,g) < £2, disi(e,g) < E1+E2.

The expression in (2) dist(e,g) < E1+£2 represents a join predicate that can be applied on e and g.
This predicate is in fact the predicate being applied on e and g in the left join of the RHS part of Rule
R116. Note that the RHS part of the rule requires a second join that applies the two join predicates
of the LHS part because some tuples that do not satisfy these predicates can be present in the output
of the join between e and g. O

PROOF SKETCH OF THEOREM 1. Consider a group Gq generated by g [NGAq, Segalo[CaJra for some
instance rq of Ra. Due to conditions (ii1) and (iv), all the rows of Gq have the same values of GAq and
the joining attributes. Every tuple of G4 joins with the same set of tuples SA.(Ga). Let Su(Ga) be the
subset of SA.(Gq) that has a unique value of GA.. Consider two groups of g [NGAq, Sega]o[Cara: Ra:
and Raz. There are two cases to be considered.

Case 1. GailGAd] ~ Gaz[GAd] and Su(Ga1)[GAu] ~ Su(Ga2)[GA.J. In Ez, the results of the join
operations represented by the following two expressions are merged into the same similarity group
by the second SGB.

1. ((Fai[AAq], COUNT)n[NGAa«, GAat, AAq]Ga1) X Su(Gaz).
2. ((Fai[AAq], COUNT)n[NGAq, GAat, AAq]Gaz) X Su(Gaz).
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In E1, each row of Gar and Gaz joins with Su(Gaz) and Su(Gaz) respectively and all the resulting
rows are also merged by the second SGB. Due to condition (i), the aggregation values in the resulting
row of the following expressions in E; and E? respectively are the same.

3. Fa[AAqJma|GA4,GALAAG] (Ga: X Su(Ga1)) Uy (Gaz X Su(Gaz))).
4. Fas[FAAqJmA[GA4,GAw, FAAGJ(Fai[AAqJma[NGAa, GAat, AAa]Ga1) X Su(Gaz))
U, ((Faif[AAqJma[NGAg, GAa*, AAqJGaz) X Su(Gaz)).

Due to condition (i1), the aggregation values in the resulting row of the following expressions in E;
and E:, respectively, are the same.

5. Fu[AAJoa[GAq,GALAAL] ((Gar X Su(Ga1) U, (Gaz X Su(Gaz))).
6. Fua[AAL,CNTIma[GAq,GAu, AAy, CNT]((COUNT ma/[NGAq, GAqt]Ga1) X Su(Ga1))
U, ((COUNT ma[NGAq4, GAd*]Gaz) X Su(Gaz)).

Case 2: Gai[GAd] !~ Gas[GAd] or Su(Gai)[GA.] !~ Su(Ga2)[GA.]. In Es, the results of the join
operations represented by (1) and (2) are not merged into the same similarity group by the second
SGB. In E;, each row of Gas and Gaz joins with Su(Gaz) and Su(Gaz), respectively, but the resulting
rows are not merged by the second SGB. Due to condition (i), the aggregation values in the resulting
row of the following expressions in E; and E2, respectively, are the same.

7. FafAAqJma[GAa,GALAAG](Gar X Su(Gai)).
8. Fus[FAA4Jma[GA4,GAw, FAAqJ(Fai1[AAqJia[NGAg, GAa*, AAaJGa1) X Su(Gay)).

Due to condition (i1), the aggregation values in the resulting row of the following expressions in E;
and E:, respectively, are the same.

9. Fu[AAJma[GAd, GAuAAL] ((Gar X Su(Gai)).
10. Fuaf[AAu,CNT]ma[GA4a,GAu, AAu, CNTJ((COUNT ma[NGAd, GAd*]Gdi1) X Su(Gaz)). O

PROOF SKETCH OF THEOREM 2. The validity of this theorem relies on the following properties.

P1. Given Rq' and R.'instances of Rqs and Ry respectively, the result of (Ra’ %, Ru') is equivalent
to the result of (Ra' Mg Ru.') where 6 = disjunction of (Ra.COa=x A Ru.CO.=y) for every different
link (x,y) of the result of (Ra' Xy Ru').

P2. 6, as defined in P1, remains unchanged and valid when R4’ is augmented with tuples that
have already present values of Rq'.C0q, i.e., duplicates, or when such tuples are removed from
Ra'.

The validity of this theorem can be shown by following these steps:

For every Rqsand Ry instances of Rq and R., respectively,

1. Ei F[AAq, AAJra[GAq, GAy, AAg, AAL] g [GA4, GALJo[Ca A Cuf (R Ry Ru),
is equivalent to:

Ep: F[AAq, AAJia[GAa, GAw, AAa, AA.] g [GAg, GALJo[Ca A Cu] (R Mg Ru),
where 0 is defined as in P1.

2. Er: F[AAq, AAyJna[GAq, GAu, AAg, AAY] g [GAg, GAuJo[Ca A Cu] (Ra Mg Ru),
is equivalent to:
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Table VI. Common distance functions

Distance Function

Definition

p-norm Distance

p-norm distance of two vectors (x1, Xz, ...,xn) and (y1, ye, ...,yn) is defined as:

1-norm distance =
n

lei_yil

i=1

n 1/2
(lei _yi|2>

i=1

n 1/p
(Zm —ym’)

i=1

n 1/p
lim (Zm - J’i|p>
p—o \ £

i=1

2-norm distance =

p-norm distance =

infinity-norm distance =

Cosine Distance 1

CD1(A,B) =1 - CS(A,B), where A and B are vectors and CS(A,B) is the Cosine
Similarity. CS(A,B) = (A ‘B)/(IAlIBI)

Cosine Distance 2

CD2(A,B) = arccos(CS(A,B))

Discrete Metric Function

DM(x,y) =0if x =y, 1 otherwise, where x and y are numbers.

Longest Common Subsequence

LCS(X,Y) = longest subsequence common to strings or time series X and Y.

Edit Distance with Equal Weights

ED(X,Y) = minimum number of operations needed to transform string X into
string Y. Allowed operations: insertion, deletion, and substitution of a single
character.

Edit Distance with Different
Weights

EDX,Y) = min(w(E)), where E is a sequence of edit operations that transforms
string X into string Y, and w is a weight function that assigns a nonnegative real
number w(X, y) to each elementary edit operation.

Hamming Distance

HD(X,Y) = number of positions in which the characters of strings X and Y are
different.

Jaccard Distance

JD(A,B) = 1- JS(A,B), where JS(A,B) = (|AnB|/|AuB|). A and B are two generic
sets. For string data, JS(A,B) = number of shared tokens/total number of tokens.
For vector data, JS(A,B)=number of matching cells/total number of cells.

E2: np[GAq, GAu, FAA](Fu[AA.,CNT], Fas[FAA4])
ma[GAq, GAu, AA., FAAq, CNT] g [GA4, GA.Jo[C.]
((Fai[AAa], COUNT)ma[NGAq«, GAat, AAd] g [INGAaJo[Ca]Ra) Mg Ru),

because of the eager and lazy aggregation main theorem for regular operators.

3. E2: np[GAq, GAy, FAA](Fuof[AA,CNT], Fas[FAA4])
ma[GAq, GAy, AA., FAAq, CNT] g [GAa, GALJo[C.]
((Fai[AAa], COUNT)ma/[NGAq«, GAat, AAd] g [NGAaJo[Ca]Ra) Mg Ru),

is equivalent to:

Eq: np[GA4, GAy, FAA](Fuo[AA.,CNTJ, Fao[FAA4])
mA[GAq, GAu, AA,, FAAq, CNT] g [GAa, GALJo[C.]
((Fai[AAa], COUNT)ma/[NGAq, GAd*, AAd] g [INGA4Jo[CaJRa) Ry Ru),

since the grouping operation before the join merges only tuples that share the same value of
Rq.C04, and P2. O

ProOF SKETCH OF THEOREM 3. The validity of this theorem relies on the validity of Theorem 1 and
Theorem 2. o

C. DEFINITION OF COMMON DISTANCE FUNCTIONS
Table VI shows the definition of common distance functions.
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